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Within mean-field theory we determine the universal scaling function for the effective force acting
on a single colloid located near the interface between two coexisting liquid phases of a binary liquid
mixture close to its critical consolute point. This is the first study of critical Casimir forces emerging
from the confinement of a fluctuating medium by at least one soft interface, instead by rigid walls
only as studied previously. For this specific system, our semi-analytical calculation illustrates that
knowledge of the colloid-induced, deformed shape of the interface allows one to accurately describe
the effective interaction potential between the colloid and the interface. Moreover, our analysis
demonstrates that the critical Casimir force involving a deformable interface is accurately described
by a universal scaling function, the shape of which differs from that one for rigid walls.
I. INTRODUCTION
A striking example of solvent-mediated effective inter-
actions are long-ranged critical Casimir forces acting on
mesoscopic colloids which are induced by the thermal
fluctuations of the confined fluid if the latter is close to
its critical point [1–3]. This phenomenon is the classical
analogue in soft matter of the celebrated Casimir effect
in quantum electrodynamics, which predicts the attrac-
tion of two metallic plates in vacuum [4]. Whether these
effective interactions are due to quantum fluctuations of
the electrodynamic field or due to thermal fluctuations of
the fluid number densities, they pose a major challenge to
determine them experimentally [5–7]. Accordingly, crit-
ical Casimir forces have been measured first indirectly
by studying wetting films of a fluid close to its critical
end point [8–12] only twenty years after their prediction.
It is only recently that direct measurements of critical
Casimir forces have been reported [13–17] from monitor-
ing the thermal motion of individual colloidal particles
when immersed in a binary liquid mixture close to its crit-
ical point of demixing and near to a planar wall. These
experimental results are in excellent agreement with the-
oretical predictions [13, 14, 16, 18], reflecting the concept
of universality for critical phenomena in confined geome-
tries. The theoretical results concerning critical Casimir
forces acting on colloidal particles have been obtained
using field-theoretic methods [19–26] or through Monte
Carlo simulations [27].
All aforementioned studies on the critical Casimir ef-
fect consider the fluctuating fluid to be confined by rigid
surfaces. Here, we study the critical Casimir force acting
on a colloidal particle in the presence of a soft interface,
the shape of which responds to moving a colloid nearby.
Such a soft interface is provided by the interface between
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two fluid phases. Generally speaking, the study of par-
ticle adhesion to fluid interfaces dates back more than a
hundred years [28, 29]. The interest in this subject has
grown considerably over the last thirty years since the
work of Pieranski, showing that micrometer sized latex
particles, when attached to the air/water interface, can
form well-ordered lateral structures consisting of hexago-
nally patterned monolayers of colloids [30]. Many studies
followed, such as aiming to verify the theory for melt-
ing of two-dimensional crystals [31–33] or to reveal the
mechanisms of two-dimensional particle aggregation at
horizontal water interfaces [34]. In addition, the ability
of surface bound colloids to stabilize both emulsions and
foams in the absence of any other surface active material
illustrates their industrial importance [35]. Combining
this context with that of critical Casimir forces, we set
out to investigate the force acting on a colloidal parti-
cle located near the interface between the two coexist-
ing liquid phases of a binary liquid mixture close to its
critical consolute point. In particular, we focus on a col-
loidal particle of cylindrical shape with radius R, which
is macroscopicaly elongated along the translationally in-
variant y direction. In the absence of the colloid, the
interface is planar, located at z = 0 (defined as the zero
of the corresponding order parameter profile), perpendic-
ular to the normal z direction, translationally invariant
along the y direction, and pinned at the lateral positions
x = ±(R + xL) (see Fig. 1). This ‘pinning’ is kept fixed
also upon introducing the colloidal particle with its cen-
ter at the central lateral position x = 0. The bottom
of the particle is positioned at z = λ along the normal
direction, which can be positive or negative.
Based on molecular dynamics (MD) [36–38] or density
functional theory (DFT) [39], previous studies have fo-
cused on the effective interaction between an uncharged,
mesoscopic particle and a soft interface as the former
approaches the interfacial region. However, these stud-
ies have not investigated the regime in which the fluid
is close to its critical point. To this end, we use mean-
field theory (MFT) in order to study the local density (or
concentration) profiles which evolve when the particle ap-
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2FIG. 1. Schematic diagram illustrating the system under
study dealing with a cylindrical particle of radius R, extended
in and orientated co-axially with the y direction, approach-
ing the interface between the A-rich and B-rich phases α and
β of a binary liquid mixture consisting of species A and B;
λ is the distance between the particle surface and the refer-
ence interface position, located at z = 0, which is indicated
by the lower horizontal, dashed black line. The interface is
taken to be pinned at the lateral positions x = ±(R + xL),
so that the extension of the slab in the horizontal direction is
Lx = 2(xL+R); Lz = Lα+Lβ . The particle center is always
located laterally at the position x = 0. The black squares
at either end of the interface indicate where the interface is
pinned via a given interface profile defining the edge of the
system. The two phases α and β are separated by an inter-
facial region which becomes progressively more diffuse upon
approaching the critical point of the solvent until the phases
are no longer demixed. The generic preference for one of the
two species of the binary mixture leads to strong critical ad-
sorption of one the phases at the surface of the particle, which
here is always chosen to be the α phase.
proaches and subsequently breaks through the interface
in a (near-) critical, phase-separated fluid. From this ap-
proach we determine the free energy landscape and the
effective forces acting on the colloid in the vicinity of the
interface, as they are mediated by the solvent.
The remainder of this paper is organized as follows: In
Sec. II we introduce the framework for the description
of the corresponding critical phenomena. Within the ap-
propriate field-theoretic approach we specify the scaling
properties of the excess free energy and of the force acting
on the colloid. In Sec. III we present the mean-field order
parameter profiles of the system, representing the region
surrounding the colloid as it approaches the fluid inter-
face when the fluid is brought towards its critical point, as
well as results for the scaling functions of the free energy
and of the force acting on the particle due to the inter-
face. We compare these numerically obtained results of
the free energy with approximate, analytic calculations
of the surface free energy, in order to determine the ma-
jor contribution to the total free energy of the system. In
addition, we analyze the scaling function of the force act-
ing on the particle. In Appendix A we derive the critical
Casimir force acting on a cylindrical colloid immersed in
a critical solvent next to a flat and rigid interface, corre-
sponding to a plane exhibiting an ordinary (o) boundary
condition, and compare this with results obtained within
the so-called Derjaguin approximation. The comparison
with the results presented in Sec. III reveals that in the
limit that the colloid is far away from the interface, a
description of the force acting on the colloid in terms of
one being opposite an infinitely stiff, planar interface is
viable. Finally, in Sec. IV we provide conclusions and a
summary.
II. THEORY
A. Background
Upon approaching the critical point of a fluid, for ex-
ample through changing the temperature T towards the
critical temperature Tc at the critical concentration of a
binary liquid mixture, thermal fluctuations become more
pronounced and extend over large length scales. Such
systems are characterized by an order parameter φ which
for a binary liquid mixture is given by the difference in
the local concentration of, say, component A of the fluid
and its critical value. The order parameter is spatially
correlated over a length scale given by the bulk corre-
lation length ξ. At the critical point, it diverges alge-
braically according to ξ± = ξ±0 |t|−ν , where ‘±’ indicates
positive (+) or negative (−) values of the reduced tem-
perature t = (T − Tc)/Tc, and ν is a standard bulk crit-
ical exponent, which is ν ' 0.63 in d = 3 and ν = 1/2
in MFT [40]. The amplitudes of the correlation length
ξ±0 , which are of molecular scale, form the universal ra-
tio Rξ = ξ
+
0 /ξ
−
0 = const. In spatial dimensions d = 3,
Rξ ' 1.96 [40] and within MFT Rξ =
√
2 [41, 42]. The
reduced temperature t is defined in such a way that, for
a binary liquid mixture, t > 0 corresponds to the ho-
mogeneous (disordered) state of the fluid, whereas t < 0
corresponds to the phase-separated (ordered) state. For
a lower critical point, which is common to many exper-
imentally relevant liquid mixtures, the sign of t is re-
versed. In the present analysis, we consider an upper
critical demixing point and focus on the ordered (t < 0)
phase only. Due to the divergence of ξ at Tc, a small
number of gross features of the system, such as the spa-
tial dimension, the dimensionality of the order param-
eter, and the range of molecular interactions determine
the thermodynamic nature of critical phenomena. As a
result, systems which might differ significantly at a mi-
croscopic level can in general be described within the
same theoretical framework, such that their asymptotic
physical characteristics are captured completely by uni-
versal scaling functions, which are unique to the corre-
sponding bulk and surface universality classes [43, 44].
3Here, we focus on binary liquid mixtures which belong
to the Ising universality class. According to renormal-
ization group theory, MFT is correct in determining the
universal properties of critical phenomena for spatial di-
mensions above the upper critical dimension d > duc = 4,
and up to logarithmic corrections if d = duc. Therefore,
the use of MFT for the remainder of this paper applies to
a system in d = 4, where it is taken to be spatially invari-
ant along the fourth dimension. Therefore, the results of
the free energy and the critical Casimir force presented
below are those per length along this extra dimension.
Moreover, the MFT results represent the leading contri-
bution in a systematic expansion in terms of  = 4− d.
If a confining surface is inserted into a binary liquid
mixture, the generally preferred adsorption of one of its
two components enhances the absolute value of the or-
der parameter φ of the surrounding solvent within the
range of the bulk correlation length. This leads to the
so-called ‘normal’ surface universality class correspond-
ing to strong critical adsorption at the surface [45, 46].
Upon approaching Tc, surface effects are enhanced due to
the divergence of the correlation length. The potential
presence of another confining object therefore affects the
spectrum of fluctuations within the fluid, resulting in an
effective interaction between the confining walls [1]. Ac-
cording to the corresponding theory of finite-size scaling
[47], these critical Casimir forces and their potentials are
described by universal scaling functions which depend on
the type of boundary conditions imposed on the order
parameter at each of the confining surfaces. If the ad-
sorption preferences of the two confining surfaces are the
same, they attract each other. For opposite adsorption
preferences, the critical Casimir interaction is repulsive
[14].
In the present work, we do not consider several solid
objects confining the (near-)critical fluid, but only a sin-
gle cylindrical particle approaching the interface which
separates the two coexisting bulk liquid phases of the sol-
vent, as illustrated in Fig. 1. The width of this interfacial
region, over which the properties of the fluid change from
those characteristic of phase α (rich in, say, A) to those
characteristic of phase β (rich in B), is proportional to the
bulk correlation length. Previous studies have focused on
having an inert solid substrate as one of the confining sur-
faces of the (near-) critical fluid, which imposes a fixed
boundary condition implemented by a strong surface field
(see, e.g., Refs. [13–27]). The inclusion of an interface
does not impose such a fixed constraint. Instead, the in-
terfacial region responds to the presence of the nearby
colloid, adjusting its position and its structure according
to the location of the colloid. This results in an effective
interaction between the particle and the soft interface,
which is mediated by the solvent.
B. Effective interaction
In the critical region |t|  1 and at the critical com-
position of the binary liquid mixture, the free energy Ω
of the system can be decomposed into a singular contri-
bution and a non-singular background term [2]
Ω = Ωsing + Ωnonsing. (1)
Within the critical regime, Ωsing is expected to exhibit
finite size scaling. We now provide a framework illus-
trating this finite size scaling for the free energy and for
the force using the definitions already illustrated by the
schematic presentation in Fig. 1. The singular contribu-
tion of the total free energy can be split into four sepa-
rate, identifiable contributions:
Ωsing = Ωb + Ω
(α)
s,c + Ωs + Ωi, (2)
where Ωb is the bulk free energy, Ω
(α)
s,c is the colloid sur-
face free energy in the α phase, Ωs is the free interface
contribution, and Ωi is the effective interaction. The crit-
ical behavior of the bulk, surface, and free interface con-
tributions of the total free energy are well known and
exhibit scaling. Note that in Eq. (2) there are no ad-
ditional contributions from the side edges of the sample
as a result of periodic boundary conditions in the corre-
sponding (d− 2) directions being used throughout.
The bulk free energy Ωb is proportional to the sum
of the volumes Vα,β filled by the α and β phases of the
binary liquid mixture. These two bulk phases are sepa-
rated by an interface, implying that the bulk free energy
can be written as (Eq. (2))
Ωb = kBT
Vα + Vβ
ξd+
a−b
α(1− α)(2− α) , (3)
where a−b is a universal number (see Sec. IV in Ref. [48]
and Ref. [49]) and α is the universal critical exponent
of the bulk specific heat capacity. (Here and in the fol-
lowing we omit those terms of the free energy which are
generated by additive renormalization [48].) The total
volume filled by the liquid phases α and β is given by
the total volume of the system minus the volume of the
cylindrical colloid of radius R;
Vα + Vβ = L ×
(
Lx(Lα + Lβ)− piR2
)
, (4)
where Lα[β] is the extension of the α [β] phase along the
z direction (Fig. 1) and L is the extension of the system
along the invariant directions, i.e., L(d = 3) = Ly and
L(d = 4) = LyL4. From inserting both ξ+ = Rξξ−0 |t|−ν
and Eq. (4) into Eq. (3), one finds that the bulk free
4energy scales as
Ωb
kBT
=
Lx(Lα + Lβ)− piR2
(ξ−0 )d
L a
−
b
α(1− α)(2− α) (Rξ)
−d|t|dν .
(5)
Correspondingly, the surface free energy Ω
(α[β])
s,c of the
colloid in the bulk α[β] phase is given by
Ω(α[β])s,c = kBT
Ac
ξd−1+
ϑα[β](ξ−/R), (6)
where Ac = L×2piR is the surface area of the cylindrical
colloid with ϑα and ϑβ as universal scaling functions.
Using the above definitions concerning the geometry of
the system in question one has
Ω
(α[β])
s,c
kBT
=
2piR
(ξ−0 )d−1
Lϑα[β](ξ−/R)(Rξ)−(d−1)|t|(d−1)ν .
(7)
In addition, the free energy of an unperturbed (flat)
interface, i.e., in the absence of the colloid, is given by
Ωs = L × Lx × σ(t), (8)
where the scaling of the interface tension σ(t) = σ0|t|µ is
characterized by the critical exponent µ = (d − 1)ν and
the amplitude σ0 = RσkBT (ξ
+
0 )
−(d−1); Rσ(d = 3) '
0.377 [50, 51] is a universal amplitude ratio. Combining
these definitions with Eq. (8) yields
Ωs
kBT
=
Lx
(ξ−0 )d−1
LRσ(Rξ)−(d−1)|t|(d−1)ν . (9)
Upon combining Eqs. (5), (7), and Eq. (9), the total
free energy of the system reads
Ωsing
kBT
=
Lx(Lα + Lβ)− piR2
(ξ−0 )d
L a
−
b
α(1− α)(2− α) (Rξ)
−d|t|dν
(10)
+
2piR
(ξ−0 )d−1
Lϑα(ξ−/R)(Rξ)−(d−1)|t|(d−1)ν
+
Lx
(ξ−0 )d−1
LRσ(Rξ)−(d−1)|t|(d−1)ν
+ Ωi/kBT.
The last part, Ωi, is the contribution to the free energy
which originates from the finite distance λ between the
particle and the interface, i.e., it is the effective inter-
action potential between the colloid and the interface.
According to finite size scaling, this effective potential
obeys the scaling relation
Ωi
kBT
=
L
λd−2
Θ˜
(
λ
ξ−
,
ξ−
R
,
R
xL
)
, (11)
where xL = (Lx/2)−R and Θ˜ is a universal scaling func-
tion. In order to avoid a singularity in the prefactor of the
scaling function, we use the equivalent scaling function
Θ
(
λ
ξ−
,
ξ−
R
,
R
xL
)
=
(
ξ−
λ
)d−2
Θ˜
(
λ
ξ−
,
ξ−
R
,
R
xL
)
(12)
so that
Ωi
kBT
=
L
(ξ−0 )d−2
Θ
(
λ
ξ−
,
ξ−
R
,
R
xL
)
|t|(d−2)ν
=
L
Rd−2
(
ξ−
R
)−(d−2)
Θ
(
λ
ξ−
,
ξ−
R
,
R
xL
)
. (13)
Therefore, in Eq. (10), Ωi is the only contribution which
depends on the vertical colloid position λ.
Upon construction this effective interaction vanishes
for λ → +∞, i.e., Ωi(λ → +∞) = 0. On the other
hand for λ → −∞, the colloid appears in the β phase
instead of the α phase. Since these two bulk phases are
in thermal equilibrium, the corresponding bulk contribu-
tions to Ωsing are identical. Therefore, the contribution
from the free interface remains the same. The only dif-
ference to Ωsing arises from the contribution associated
with the surface of the colloid, such that ϑα is replaced
by ϑβ , meaning that for our scaling function we now have
Θ
(
λ
ξ−
→ −∞, ξ−
R
,
R
xL
)
= 2pi
R
ξ−
(Rξ)
−(d−1) (14)
×
{
ϑβ
(
ξ−
R
)
− ϑα
(
ξ−
R
)}
,
i.e., the shape of Θ exhibits a general profile of tending
to 0 for λ → +∞ and to a higher, nonzero value for
λ → −∞ (see the caption of Fig. 1 according to which
the α phase is the one preferred by the colloid). In Fig. 2
we illustrate the functional forms of Eq. (6) and (14) as
a function of ξ−/R calculated within the MFT approach
discussed in Subsec. II C. In particular, the surface free
energy Ω
(α[β])
s,c (Eq. (6)) of the colloid in the bulk α [β]
phase has been determined numerically by minimizing
the Hamiltonian (see, c.f., Eq. (20)) subject to the ap-
propriate boundary conditions. This implies that, first,
we fix the order parameter at the lateral edge of the sim-
ulation area to exhibit its value of the α [β] bulk phase
and, second, we endow the particle with a strong prefer-
ence for the α phase in both cases. This latter boundary
condition is realized via a diverging surface field located
at the surface of the particle which causes the order pa-
rameter to diverge there. In practice, this is implemented
by imposing a short-distance expansion for the diverg-
ing order parameter profile [52, 53]. This allows one to
identify those diverging contributions to the surface free
energy of the particle which stem from the order param-
eter profile close to the surface and thus carry only a
non-singular temperature dependence. This enables one
to calculate Ω
(α[β])
s,c and thus ϑα[β](ξ−/R) (Eq. (6)) nu-
merically. According to Eq. (14) this determines the scal-
ing function Θ(λ/ξ− → −∞, ξ−/R,R/xL) which we then
use in order to normalize the scaling function of the ef-
5fective potential Θ (see, c.f., Sec. III B). The calculation
of Θ(λ/ξ− → −∞, ξ−/R,R/xL) via determining Ω(α[β])s,c
through the difference in Eq. (14) also implies that the
aforementioned surface contributions, generated by the
short-distance expansion and being non-singular in tem-
perature, drop out of this difference.
We remark that a cylindrical particle located in a bulk
system in d = 4 represents a relevant perturbation of the
bulk system in the sense that this gives rise to new uni-
versal quantities such as the critical exponents character-
izing the decay of the structure factor in the fluid outside
of the cylinder (see Appendix A in Ref. [52]). Specifically,
the deviation of the order parameter near the surface of
the cylinder of radius R from its bulk value does not
vanish in the formal limit R→ 0 (as long as the particle
is still there). This peculiar behavior implies that the
asymptotic limit ϑα[β](ξ−/R→ +∞) cannot be obtained
from the so-called small particle expansion [19–21, 23, 52]
in order to analytically predict the behavior of ϑα[β] for
T → Tc, i.e., ξ− →∞. In Fig. 2(b) we show the behavior
of Θ (λ/ξ− → −∞, ξ−/R,R/xL) within the numerically
accessible range of values of ξ−/R . 1. The behavior for
ξ−/R 1 remains to be determined.
Due to the dependence of Ωi on the vertical particle
position λ, an effective critical Casimir force emerges,
which acts on the particle along the z-direction:
Fsing = −∂Ωi
∂λ
,
= −kBT
ξ−0
L
(ξ−0 )d−2
∂
∂
(
λ
ξ−
)Θ( λ
ξ−
,
ξ−
R
,
R
xL
)
|t|(d−1)ν .
(15)
The force per length acting on the cylinder along the
translationally invariant direction is given by
Fsing (λ,R, xL, t) ≡ FsingL . (16)
Similar to before, Fsing can be expressed in the scaling
form
Fsing (λ,R, xL, t) =
kBT
(ξ−0 )d−1
|t|(d−1)ν
[
R
ξ−
]1/2
×K
(
λ
ξ−
,
ξ−
R
,
R
xL
)
,
= kBT
R1/2
ξ
d−1/2
−
K
(
λ
ξ−
,
ξ−
R
,
R
xL
)
. (17)
The scaling function K of the force between the colloid
and the fluid interface is given by
K
(
λ
ξ−
,
ξ−
R
,
R
xL
)
= −
[
R
ξ−
]−1/2
∂
∂
(
λ
ξ−
)Θ( λ
ξ−
,
ξ−
R
,
R
xL
)
.
(18)
The choice of the geometric prefactor in Eq. (18) is in
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FIG. 2. (a) Universal scaling functions ϑα (red, solid line)
and ϑβ (blue, dashed line) of the surface free energy of the
colloid in the α and β bulk phase (Eq. (6)) as a function of
temperature. Both scaling functions ϑα and ϑβ increase upon
approaching Tc. The inset emphasizes the difference between
ϑα and ϑβ , which enters into Θ. Within the numerically ac-
cessible range of values of ξ−/R . 1 both scaling functions ϑα
and ϑβ increase ∼ (ξ−/R)2 as indicated by the slope of the
dotted curve. According to Eq. (6) this implies that within
this range Ωα[β] varies ∼ t(d−3)ν . The ultimate asymptotic
behavior for t → 0 requires further analysis. (b) Effective
potential scaling function Θ for λ/ξ− → −∞ (Eq. (14)) rep-
resenting the excess contribution to the free energy of a col-
loid embedded in the bulk β phase, which is its non-preferred
phase. For the results presented in Subsec. III B, the scaling
functions for the effective interaction potential are all normal-
ized by this function shown in (b). ∆(+,+) is the amplitude
for the critical Casimir force at Tc between two parallel plates
with (+,+) boundary conditions in d = 4.
accordance with previous investigations [25] and it allows
for a direct comparison with the force on a cylinder near
a hard wall (see Subsec. III C and Appendix A). In addi-
tion, the prefactor is in line with the fact that the force
acting on the particle due to the interface vanishes at
Tc. In the following, we calculate the scaling function K
6within MFT. To this end, we present K being normalized
by the MFT Casimir amplitude ∆(+,+) = −283.609u−1
within MFT (d = 4) [54] (∆+,+(d = 3) ' −0.376 [55]) of
the scaling function of the effective interaction potential
for two parallel plates immersed in a binary solvent at
T = Tc with equal symmetry-breaking boundary condi-
tions at both plates. (According to Eq. (3.9) in Ref. [56],
in this slab geometry the critical Casimir force ampli-
tude ∆ = Θslab(0) for the effective interaction potential
and ϑslab(0) for the critical Casimir force are related as
ϑslab(0) = (d − 1)∆.) In this normalization ratio the
unknown MFT coupling constant u (see, c.f., Eq. (20))
drops out. In the next section we shall provide details to
how the force is calculated numerically in the case of a
cylinder near a soft interface.
Our numerical scheme allows us to determine also the
spatial variation of the order parameter φ. Below but
close to the critical point, the order parameter adopts
the scaling form [1, 57]
φ(r, t) = A|t|βP−
(
x
ξ−
,
z
ξ−
;
λ
ξ−
,
ξ−
R
,
R
xL
)
, (19)
where A is the non-universal amplitude of the bulk or-
der parameter with β ' 0.33 in d = 3 and β = 1/2 in
d = 4 as one of the standard bulk critical exponents. For
the limiting case λ → +∞ the local order parameter φ
reduces to the linear superposition of the critical adsorp-
tion profile at the surface of the colloid [52], and the order
parameter profile of the free α−β interface (see Eq. (23)
below). For T ≥ Tc there is only the critical adsorption
profile at the surface of the colloid [52].
C. Mean-field approximation and stress tensor
calculation
In order to study the spatial region in the vicinity of
the colloidal particle as it approaches the interface we
use, within MFT, the standard Landau-Ginzburg-Wilson
fixed point Hamiltonian describing bulk and surface crit-
ical phenomena for the Ising universality class [43, 44]:
H[φ(r, t)] =
∫
V
ddr
(
1
2
(∇φ(r, t))2 + τ
2
φ(r, t)2 +
u
4!
φ(r, t)4
)
+
∫
∂Vc
d(d−1)r
(
c1(r)
2
φ(r, t)2 − h1(r)φ(r, t)
)
. (20)
H[φ] is a functional of the order parameter φ(r, t) de-
scribing the fluid in d-dimensional space, contained in the
volume V with the interior of the colloid excluded; ∂Vc
denotes the surface of the colloid, 0 > τ ∼ t measures
the deviation of the temperature from Tc, and u > 0
ensures the stability of H[φ] at temperatures below the
critical point. The surface enhancement c1(r) is, within
MFT, the inverse extrapolation length of the order pa-
rameter field and h1(r) is an external symmetry breaking
surface field expressing the preference of the colloid sur-
face for one of the two components of the binary liquid
mixture [43, 44]. In the present study, we focus on the
so-called normal surface universality class, which is the
generic one for liquids and corresponds to the renormal-
ization group fixed point values c1 = 0, h1 = +∞, so that
φ diverges at the surface of the colloidal particle. In or-
der to deal with this divergence numerically, we employ
a local short distance expansion close to the cylindrical
colloid, referring to Refs. [52, 53] for further details. In
addition to the boundary condition at the surface of the
particle, we impose a fixed interface profile (as given by
Eq. (23) below) at the lateral boundaries of the system
at x = ±(R + xL), such that the interface is pinned as
described in Sec. I. In the laterally invariant direction(s)
we use periodic boundary conditions.
MFT corresponds to considering only that configura-
tion of φ with the largest statistical weight and to ne-
glecting fluctuations of the order parameter. The MFT
order parameter profile defined through m ≡ (u/6)1/2〈φ〉
minimizes the Landau-Ginzburg-Wilson Hamiltonian
(Eq. (20)), i.e., δH[φ]/δφ|φ=〈φ〉 = 0. Within MFT the
coefficient τ in H[φ] can be expressed in terms of the re-
duced temperature and the bulk correlation length below
Tc as τ = −|t|/(
√
2ξ−0 )
2 [2].
In order to minimize Eq. (20) numerically, we resort
to an effectively two-dimensional adaptive finite element
method, which uses quadratic interpolation in order to
obtain a smooth order parameter profile. Since the nu-
merical scheme is challenging, in order to obtain a numer-
ically stable solution of the order parameter profile at a
given value of λ, we have performed the minimization it-
eratively, i.e., by using the obtained result at a given λ in
order to find the next one at λ′ = λ + ∆λ. This implies
that the cylindrical particle is moved sequentially from
one phase, through the interface, to the other phase. This
procedure can, however, lead to metastable solutions de-
pending on the step size ∆λ and on the spatial direc-
tion in which the colloid is moved. Therefore, we have
performed sequences with the particle starting from deep
within either phase, α or β. We emphasize that although
we have moved the particle through the interface step by
7step, the results correspond to a set of equilibrium order
parameter profiles characterized by λ. Therefore the re-
sults are of static nature and do not reflect any dynamic
behavior.
We have inferred the force Fsing (Eq. (16)) acting on
the colloid directly from the numerically determined or-
der parameter profiles which minimize Eq. (20) by using
the stress tensor [24, 25]. This allows us to calculate the
universal scaling function of the critical Casimir force
within MFT. The determination of the stress tensor is
carried out by calculating the force acting on an arbi-
trary surface enclosing the particle. We note here that
we have opted to calculate the force via the stress tensor
method because it is less susceptible to numerical noise.
Therefore it is more accurate, as opposed to taking the
derivative of the effective interaction potential.
D. Interfaces close to criticality
Within Eq. (20), below the critical point there are two
coexisting bulk phases with respective mean-field order
parameter values
mα,β = ±|τ |1/2. (21)
If the two bulk phases are brought into spatial contact
they are separated by an interfacial region characterized,
in the absence of a colloidal particle, by the mean-field
order parameter profile
m(r, τ) =
√
|τ | tanh
(
z
√
|τ/2|
)
, (22)
where |z| is the distance from the reference interface loca-
tion (see Fig. 1) so that m|z=0 = 0 and m(z → ±∞) ≶ 0
[58]. For a flat, horizontal interface in the absence of
a colloid, the universal scaling function P− of the order
parameter profile (see Eq. (19)) within MFT is
P−
(
x− =
x
ξ−
, z− =
z
ξ−
)
= tanh
(z−
2
)
, (23)
which is independent of x−. Accordingly, the inter-
facial width scales and diverges proportionally to the
bulk correlation length ξ− below Tc. For the interfacial
tension in Eq. (8) within MFT one has µ = 3/2 [50]
and σ/(kBT ) = 4
√
2u−1(ξ+0 )
−(d−1)|t|µ [59]; therefore,
Rσ = 4
√
2u−1 = 23
√
2(Aξ+0 )2 so that Rσ/|∆(+,+)| ' 0.02
in d = 4 and Rσ/|∆(+,+)| ' 0.50 in d = 3.
The softness of this interface manifests itself in three
respects: (i) It has an intrinsic width which is propor-
tional to ξ−, (ii) its mean position can bend, and (iii)
its local position can fluctuate due to capillary wave-
like fluctuations. The presence of the colloid modifies all
three of these properties. MFT allows one to study the
influence of the colloid on (i) and (ii), which is addressed
here. In the limit of large xL the capillary waves are
unfrozen such that the overall width of the interface in-
creases∼ x1/2L in d = 2 and∼ lnxL in d = 3 [58] while the
intrinsic width of the interface is maintained [60]. This
broadening is not captured by MFT. The effective lateral
forces between two colloids at a fluid interface caused
by capillary waves have been studied in Refs. [61, 62].
However, the specific effect of capillary waves on a single
colloid approaching a fluid interface, in particular near
Tc, has not yet been studied. In the present numerical
study we consider systems with finite lateral extensions
Lx and xL. This suppresses capillary waves with long
wavelengths. The pinning of the liquid-vapor interface
can be accomplished, e.g., by suitable chemical traps for
the three-phase contact line at the vertical side walls.
III. RESULTS
A. Order parameter profiles
1. Interface pinned far away from the particle surface
In this section we present the scaling functions of
the order parameter profiles obtained numerically within
MFT if the interface is pinned at a distance expected to
be large compared to the particle size, i.e., R/xL = 0.1.
Specifically, in Fig. 3 the universal scaling function P−
of the order parameter profile is shown for the values
ξ−/R = 0.071 [Figs. 3(a), (b), and (c)], 0.177 [Figs. 3(d),
(e), and (f)], and 0.709 [Figs. 3(g), (h), and (i)]. We note
that we have varied the numerical values which appear
on the axes of the figures by varying the temperature
and R, but keeping the ratio R/xL of the particle size
and the system size constant. The profiles shown in this
section correspond to iteration runs which start from the
α phase. This is because the metastability encountered
when performing the reverse runs, i.e., the particle start-
ing from the β phase, produced pronounced numerical
errors.
One clearly infers from the order parameter profiles
shown in Fig. 3 that the interfacial region broadens upon
approaching criticality (ξ−/R→ +∞).
At the temperature corresponding to ξ−/R = 0.071,
when the particle is located deep within the α phase, the
interface is de facto flat (see Fig. 3(a)). When the particle
is moved closer to the location of the interface, interfa-
cial bending sets in, which closely follows the shape of
the particle and turns horizontally flat again only at dis-
tances far from the particle surface, i.e., near the edge
of the system. Only at temperatures far from the crit-
ical point and in wide slits one finds such profiles, for
which the lateral decay of the perturbation of the inter-
face, created by the colloid as it it approaches λ/ξ− = 0,
is exponential until ultimately a flat, unperturbed (i.e,
horizontal) interface is attained. When the particle is
moved even further into the β phase (λ/ξ− ≈ −80), we
see that the particle has already broken through the in-
terface and that a thin layer of phase α is sticking to its
surface (see Fig. 3(c)).
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FIG. 3. Scaling function P−(x/ξ−, z/ξ−) describing the order parameter profile around a colloid upon approaching and passing
through a fluid interface which is pinned at a lateral distance xL = 10R away from the particle. The boundary condition at
the colloid surface is chosen to yield strong adsorption of the α phase. P− is shown for the values ξ−/R = 0.071 in (a), (b),
and (c), 0.177 in (d), (e), and (f), and 0.709 in (g), (h), and (i). For ξ−/R ' 0.709 pronounced finite size effects appear in spite
of the large system width Lx = 22R (the panels do not show the full width).
An increase in temperature to ξ−/R = 0.177 results
in a visible change when the particle is located at the
interface z/ξ− ≈ 0. There the α phase is not as closely
wrapped around the particle (see Fig. 3(e)) as compared
to the lower temperature corresponding to Fig. 3(b).
This clearly signals the onset of long-ranged correlations
and the softening of the interface upon approaching the
critical point of the fluid. Although there is strong bend-
ing of the interface, we observe once again that the colloid
breaks through the interface. It does so at the vertical po-
sition λ/ξ− ≈ −25. After the colloid has broken through
the interface and is residing in the β phase, it is coated
by a wetting layer of the α phase.
If the temperature of the system is brought even closer
towards Tc, i.e., ξ−/R = 0.709, the emergence of very
long-ranged effects are clear, originating from the effec-
tive interaction between the colloid and the soft inter-
face for all vertical positions studied here (see Figs. 3(g),
(h), and (i)). The interface is visibly deformed, even
if the particle is still located deeply within the α phase
(Fig. 3(g)). If, however, the particle is located near the
interface (λ/ξ−  1) the α phase is not tightly wrapped
around the particle surface (see Fig. 3(h)). Consequently,
a very distinct order parameter profile is obtained if the
particle is located at λ/ξ− < 0. The concentration dis-
tribution around the particle becomes visibly anisotropic
as illustrated by the yellow region in Fig. 3(i).
For comparison, we have calculated P− even for sys-
9tems of larger system size, corresponding to Lx = 42R,
in order to check the range of the lateral correlations in-
duced by the particle surface if the system is brought
close to Tc. Similar to the case presented in Fig. 3(g), we
have found that long-ranged interfacial bending - consist-
ing of a lateral perturbation of the interface with a range
of ca. 60ξ− for a particle located at λ/ξ− ≈ 2 - still oc-
curs at temperatures corresponding to ξ−/R & 0.5. This
means that near Tc the presence of the colloid affects the
shape of the interface throughout the whole lateral spac-
ing between the two pinning positions of the interface.
2. Interface pinned at an intermediate distance
In Fig. 4 we show the scaling function P− of the order
parameter for the system size R/xL = 0.2, which corre-
sponds to the interface being pinned at an intermediate
distance 5R from the colloid (see Fig. 1). This setup
resembles a narrow slit containing a colloid, with the in-
terface pinned at vertical, external walls with a chemical
step at z = 0 such that for z > 0 (z < 0) the vertical walls
prefer the α (β) phase. Figure 4 shows a particle at vari-
ous vertical positions, located in the midplane at the lat-
eral position x = 0 for ξ−/R = 0.141 [Figs. 4(a), (b) and
(c)], 0.353 [Figs. 4(d), (e), and (f)], and 1.408 [Figs. 4(g),
(h), and (i)] where ξ−/R = 0.141 corresponds to the tem-
perature furthest from Tc, as opposed to ξ−/R = 1.408
which corresponds to the temperature closest Tc.
Similar to what is shown in Fig. 3, in Fig. 4 the shape of
the interface in the presence of the colloid also exhibits
a strong temperature dependence. At the temperature
corresponding to ξ−/R = 0.141, the particle exerts only
little influence on the interface when located far from it
(see Fig. 4(a)). When the particle is moved closer to the
interface, as shown in Fig. 4(b), the α phase is tightly
wrapped around the surface of the particle, resulting in
a deformed interface profile. Moving the particle even
further into the β phase (λ/ξ− ≈ −60), as shown by
Fig. 4(c), there is a large scale deformation of the inter-
face, which still preserves the boundary condition of the
interface profile being pinned at the edge of the system.
When the temperature is raised to a value correspond-
ing to ξ−/R = 0.353, the interfacial region broadens and
follows the shape of the colloid less closely (see Figs. 4(e)
and (f)). This signals the onset of long-ranged correla-
tions which push the interface away. Even closer to Tc,
i.e., for ξ−/R = 1.408, the order parameter distribution
corresponding to the vertical particle positions λ/ξ− < 0
are dominated by maintaining the pinning of the inter-
face (see Figs. 4 (h) and (i)). For λ/ξ− ≈ −5 the order
parameter profile shows that the interface is heavily dis-
torted (see Fig. 4(i)). Accordingly, the boundary condi-
tions at the lateral edges will generate finite-size effects
in the results obtained for the excess free energy and the
stress tensor. This will be discussed in more detail in
Secs. III B and III C below.
Focusing now on the configuration when the colloid,
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FIG. 4. Scaling function P−(x/ξ−, z/ξ−) of the order param-
eter showing a colloid as it approaches and passes through a
fluid interface of lateral system size xL = 5R, i.e., Lx = 12R.
The temperature is given in terms of ξ−/R with ξ−/R = 0.141
in (a), (b), and (c), 0.353 in (d), (e), and (f), and 1.408 in
(g), (h), and (i). Criticality is approached upon increasing
the values of ξ−/R. The pinning locations of the interface at
x = ±6R are relatively close to the surface of the colloid so
that lateral finite size effects affect the shape and the effective
stiffness of the interface (the panels do not show the full width
of the slit).
which prefers the α phase, is located deeply within the
β phase (see Figs. 4(c), (f), and (i)), the colloid is found
to remain embedded in the α phase. As a consequence,
the interface is deformed to a large extent as opposed to
having the particle break through it and residing in the
β phase. This phenomenon is likely to be a finite-size ef-
fect, such that the close proximity of the external pinning
prolongs the extent as to how long the colloid remains in
the α phase. In addition, the use of the numerical itera-
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tive minimization scheme described above is also likely to
face the free energy barrier for the breakthrough which
delays it. We have confronted this metastability issue by
choosing a step size for the iteration procedure, which is
neither too small nor too large, in order to probe the free
energy landscape properly.
B. Scaling function of the effective interaction
potential
In this subsection we describe the behavior of the uni-
versal scaling function Θ (Eq. (13)) which describes the
effective interaction potential Ωi between the colloid and
the interface (see Sec. II B). We illustrate the features of
Θ as a function of particle location λ/ξ−, temperature
ξ−/R, and sample size R/xL.
We begin by illustrating the general form of Θ for a
particle which starts in its preferred phase and passes
through the interface. If the width of the slit is small
(i.e., R/xL > 0.1), it is difficult to find an equilibrium
order parameter profile with the particle residing in the
β phase through using an iteration scheme like the one
we have described above. This, however, is possible for
larger slit widths. With this in mind, for R/xL = 0.1
in Fig. 5, we show the scaling function of the effective
interaction potential as a function of λ/ξ− at various
temperatures, ξ−/R, obtained via the numerical mini-
mization of Eq. (20). In Fig. 5(a) we have normalized
Θ by Θ(λ/ξ− → −∞, ξ−/R,R/xL) (Eq. (14)), which is
the free energy contribution of the colloid in the β phase
at the corresponding temperature ξ−/R. This normal-
ization expression has been determined as a function of
ξ−/R and is shown in Fig. 2 (see Sec. II B). In addition, in
Fig. 5(b) we present Θ normalized by the critical Casimir
amplitude ∆(+,+). Normalizing Θ with ∆+,+ allows one
to infer the decrease of the effective interaction poten-
tial for t→ 0 (see Sec. IV). Concerning the visible shape
of the profiles of the effective interface potential, if the
colloid is located deep in the α phase (i.e., far from the
interface so that λ/ξ− → +∞) the effective interaction
potential attains its minimum value, i.e., Θ = 0. As the
colloid approaches the interface, the interface starts to
deform and the free energy contribution grows, which is
reflected by the steady increase of Θ for all temperatures.
As the colloid breaks through the interface, the effective
interaction potential increases steeply. When the colloid
has reached the β phase, Θ attains its maximum, con-
stant value. We note that Ref. [38] reports the presence
of an energy barrier for the colloid when it is located in
the β phase close to the interface which then acts as to
prevent the colloid from being instantaneously absorbed
by the α phase. We also observe a small deviation in the
value of Θ from the plateau value, i.e., Θ(λ/ξ− → ∞)
if the particle is located close to the interface in the β
phase, suggesting that in our case such a barrier exists,
too. Although the dependence of Θ on λ/ξ− in general
exhibits a generic shape, we see that when the tempera-
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FIG. 5. Normalized scaling function Θ of the effective inter-
action potential for R/xL = 0.1 as a function of temperature
ξ−/R obtained from a numerical ‘forward’ run, during which
the particle passes through the interface, starting within its
preferred α phase (i.e., λ→ +∞), moving towards the inter-
face and then entering the β phase. The interface is unper-
turbed for λ→ ±∞. For a colloid located in the α phase far
from the interface (i.e, λ/ξ− → +∞), the effective interac-
tion potential attains its minimum value zero. As the colloid
approaches the interface, the interface is perturbed and the
free energy contribution grows, which is represented by the
steady increase in Θ. As the colloid breaks through the inter-
face, the effective interaction potential increases steeply until
it reaches a constant value. Although Θ exhibits a similar
shape for all temperatures, the temperature dependence is
clearly visible. The location of the colloid λ/ξ−, where the
colloid penetrates the interface, increases as temperature is
raised towards Tc. In (a) Θ is normalized by its limiting form
which is attained if the colloid has reached the bulk of the β
phase (see Eq. (14)) whereas in (b) Θ is normalized by the
critical Casimir amplitude |∆(+,+)|.
ture is increased towards Tc, the precise location at which
the particle penetrates the interface shifts into the region
occupied by the β phase (i.e., the value of λ becomes more
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FIG. 6. The normalized scaling function Θ of the effective
interaction potential (Eq. (13)) for a distant pinning of the in-
terface, i.e., R/xL = 0.1, and for several values of ξ−/R. The
symbols show the full numerical results for Θ as obtained from
the minimization of the Hamiltonian in Eq. (20). The dashed
lines show the approximate scaling function Θ(0) of the ex-
cess free energy due to the distortion of the local interface
position alone (Eq. (24)), where the increase of interface area
(Lb(λ) − Lx)L has been obtained from the numerically de-
termined order parameter profiles. For λ/ξ− →∞ all curves
tend to 0. For reasons of clarity we have introduced verti-
cal offsets, which are indicated on the right axis by the color
coded arrows. Sufficiently far away from Tc, i.e., ξ−/R < 0.24
the approximation Θ(0) agrees rather well with the full numer-
ical results if λ is not too negative. This means that in this
case the effective interaction is mainly due to the resulting
increase of the interfacial area and thus repulsive. Close to
Tc the effective interaction gains additional repulsive contri-
butions due to a modification of the intrinsic profile of the
interface and the distortion of the order parameter distribu-
tion around the approaching colloid.
negative).
For R/xL = 0.1, R/xL = 0.2, and R/xL = 0.5, in the
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FIG. 7. Same as in Fig. 6 but for R/xL = 0.2, i.e., an
intermediate distance of the pinning position from the colloid.
Here the interfacial tension plays a larger role as one can infer
from the larger values of Θ for comparable values of ξ−/R
and λ/ξ−. For these smaller slit sizes Lx = 2(R + xL) there
are larger deviations between the analytical and numerical
approaches as compared to the case shown in Fig. 6. This
indicates that the distortions of the intrinsic order parameter
profile for the interface and around the colloid become more
important for smaller Lx.
following we analyze more closely the situation that the
colloid is still embedded in the α phase and distorts the
interface upon approaching λ = 0. We compare these nu-
merical results with an approximate, quasi-analytical free
energy calculation obtained as follows: For each value
of λ, we determine numerically the area Lb(λ) × L of
the bent interface as a function of the particle position
λ by determining the length Lb(λ) of the contour line
m(r, τ) = 0 of the order parameter which renders the
approximate interfacial free energy (see Eqs. (8) and (9))
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Ωi ≡ (Lb(λ)− Lx)Lσ, (24)
= kBT
(Lb(λ)− Lx)L(
ξ−0
)d−1 Rσ (Rξ)d−1 |t|µ,
which corresponds to the following approximation for
the scaling function of the interaction potential Θ (see
Eq. (13)):
Θ ∼ Θ(0) = Lb(λ)− Lx
ξ−
Rσ (Rξ)
−(d−1)
(25)
where Lx = 2(R + xL) and Lb(λ → ∞) = Lx. From
Eq. (19) the contour line φ = 0 is described by z/ξ− =
Po
(
x
ξ−
; λξ− ,
ξ−
R ,
R
xL
)
so that
Lb − Lx
ξ−
=
∫ Lx/(2ξ−)
−Lx/(2ξ−)
d
(
x
ξ−
)
√√√√√1 +
 ∂Po
∂
(
x
ξ−
)
2 − 1
 ≡ h
(
λ
ξ−
,
ξ−
R
,
R
xL
)
(26)
where Lx2ξ− =
R
ξ−
(
1 + xLR
)
and thus exhibits the general
scaling behavior dictated by Θi.
Θ(0) corresponds to that contribution to the excess free
energy which is solely due to the particle induced enlarge-
ment of the interfacial area. The approximate interfacial
free energy given by Eq. (24) neglects the curvature con-
tribution from bending the interface,
Ωbend = c (λ)Lκ
2
, (27)
where κ is the bending rigidity [63], and
c (λ) = ξ−1−
∫ Lx/(2ξ−)
−Lx/(2ξ−)
d
(
x
ξ−
) ∂2Po
∂
(
x
ξ−
)2

1 +
 ∂Po
∂
(
x
ξ−
)
2

−5/2
,
is the integrated squared curvature H2 of the contour line
m(r, τ) = 0 of the order parameter which in the present
case varies only in the x direction. We have determined
the bending rigidity κ numerically within MFT by con-
sidering a cylindrical interface between the two coexisting
liquid phases without constraining the intrinsic profile of
the interface. The full free energy of this cylindrical con-
figuration turns out to be the sum of three and only three
contributions: bulk, surface, and Ωcylbend. With the bulk
and surface contributions known independently one can
identify Ωcylbend and thus determine κ = 2 Ω
cyl
bend/ (Lccyl).
On general grounds this value of κ is considered to hold
for Eqs. (27) and (28), describing the general shape of the
interface. From this analysis the magnitude of the bend-
ing contribution Ωbend is estimated to be below 2% of the
value of Ωi for the parameters used in the present study.
The difference between the approximate expression Θ(0),
shown by the dashed lines in Figs. 6, 7, and 8, and the
full scaling function Θ obtained numerically corresponds
to the interaction between the particle and the interface
beyond the pure deformation of the line forming the local
interface position.
In Fig. 6 the scaling functions Θ and Θ(0) are shown
as functions of the scaling variable λ/ξ− with the inter-
face being pinned at a distance xL = 10R away from
the particle surface. For reasons of clarity, in Fig. 6 we
have applied vertical offsets; for the limit λ/ξ− → +∞
the colored arrows indicate the corresponding zero level.
In Fig. 6(a) the agreement between Θ and the approxi-
mate expression Θ(0) is rather good for all temperatures
presented, i.e., sufficiently far from Tc. As long as the
particle is located within the α phase, i.e., λ > 0, the
approximation is reliable for all temperatures. However,
close to the critical point, i.e., ξ−/R & 0.2 deviations
begin to occur for λ < 0 (see Fig. 6(b)).
In Fig. 7 we show the numerically obtained scaling
function Θi as a function of temperature ξ−/R when the
interface is pinned at an intermediate distance away from
the surface of the particle, i.e., R/xL = 0.2, and compare
it with the corresponding approximate scaling function
Θ(0) shown by dashed lines. Here for all values of ξ−/R
studied the approximation is poorer as compared with
the case of the pinning being located further away as
shown in Fig. 6. The deviations are particularly strong
for λ < 0.
Finally, Fig. 8 shows Θ and Θ(0) as a function of λ/ξ−
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FIG. 8. Same as in Figs. 6 and 7 but for R/xL = 0.5, so that
the interface is pinned closely to the particle surface. Finite-
size effects strongly affect the effective interaction potential
between the colloid and the interface, so that for λ < 0 the
difference between the dashed lines and the numerical data
becomes pronounced. This indicates the presence of contri-
butions to the effective interaction potential which are beyond
those due to the deformation of the line forming the local in-
terface position and thus the ensuing increase of its area. The
analytic approximation remains, however, reliable for λ > 0.
for a close interface pinning position xL = 2R. Here
the interface is pinned so closely to the surface of the
particle that the particle struggles to break through the
interfacial barrier, meaning the free energy of the sys-
tem increases drastically due to the strong stretching of
the interface. As expected, the importance of the finite
lateral size of the system leads to a significant deviation
between the approximate scaling function Θ(0) and the
numerically obtained full expression Θ. Moreover, from
Figs. 6-8 one infers that the amplitude of the free energy
scaling function (i.e., its value at λ = 0) increases upon
approaching Tc (or for large ξ−/R). In this limit the dif-
ferences between Θ(0) and Θ become more pronounced.
This shows that in this case the effective interaction po-
tential is no longer given by the cost of free energy as-
sociated with the increase of the area of the interface.
The analysis of those interface profiles, for which the two
approaches of calculating the free energy do not agree,
reveals that the functional form of the actual interface
profiles normal to the interface differs from the one of a
free, planar interface (see Eq. (23)). This means that,
as expected, the difference between Θ and Θ(0) increases
if the particle bends the interface strongly, either due to
its vertical position, the temperature being close to Tc,
or the effect of the interface pinning in the small slit.
In the opposite limit R/xL → 0, the free energy arising
from increasing of the interface area provides the major
contribution to the effective interaction potential of the
system.
Although our study focuses on a colloid near an inter-
face in the limit of approaching the critical point where
this interface disappears, in principle we can compare
the overall form of the effective interaction potential Ωi
— in the case that the particle is close to the inter-
face — with previous studies which are taken far from
the critical point. In order to make such a compari-
son, we approximate Ωi by the product of the surface
tension and the increase of the interface area due to its
distortion by the approaching colloid relative to that of
the flat interface, i.e., when the colloid is far away (see
Eq. (24)). Assuming that the distorted interface pro-
file is a Gaussian, i.e., the shape f(x) is of the form
f(x) = λ exp
(
− x2R2
)
as a result of the colloid approach-
ing it, we find that from calculating the excess arc length
of the interface via
∫ Lx/2
−Lx/2 dx
(
1 +
(
df
dx
)2)1/2
− Lx in
the region λ < 0 with λ/R  1, the effective poten-
tial Ωi is proportional to the square of the displacement
λ of the particle: Ωi ' 12
√
pi
2Lσλ2/R. This finding is in
agreement with the predictions made in Refs. [64–66] and
has been recently confirmed by lattice Boltzmann simu-
lations [67]. Figures 6 - 8 reveal that indeed the scaling
function Θ of the effective potential Ωi scales propor-
tional to the square of the deviation λ of the position of
the colloid from that of the reference interface (λ = 0).
Furthermore, we can compare our data with the observa-
tions made in Ref. [68], in which the authors focused on a
300µm diameter spherical colloid located at an air-water
interface at room temperature. In order to quantitatively
compare such data, we analyze the deviation of the area
L Lb(λ) of the bent interface from that, L Lx, of the flat
interface as function of the colloid position λ. In the limit
of large system sizes Lx/R 1 and for particle positions
λ/R & −2, we find Ωi/L = σγ λ2R with a proportionality
constant γ ≈ 0.1, which is in agreement with the exper-
imental results shown in Ref. [68]. This overall behavior
illustrates that although the present study is focused on
the vicinity of the critical point, there are clear similari-
ties with previous studies as a result of similar shapes of
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the interface profiles.
C. Scaling function K of the force acting on the
colloid
In this subsection we present the results for the ef-
fective force acting on the particle along the vertical z
direction as it approaches the interface. We study it as
a function of system size and temperature. The force
is determined via the stress tensor method outlined in
Sec. II C and in Ref. [2]. Given the particularly chal-
lenging circumstances of the present system these results
carry numerical uncertainties which are of the order of
5%. Due to these of numerical uncertainties, we have
opted to calculate the force directly from the order pa-
rameter profiles as opposed to numerically taking the
derivative of the effective potential (see Sec. II C).
In Fig. 9(a) we show the results for K for the larger slit
size R/xL = 0.1, i.e., a pinning position distant from the
colloid. The scaling function of the effective force act-
ing on the colloid increases monotonically from zero at
λ/ξ− → +∞ to positive values upon approaching the in-
terface. Since the force acting on the particle is positive,
the particle is effectively repelled from the interface and
adheres to the α phase, which is the phase preferred by
the colloid. The force reaches a maximum once the par-
ticle is well within the opposite phase; subsequently the
particle breaks through the interface. Once the colloid
penetrates the interface, the force acting on the particle
concomitantly reduces to 0.
When the interface is pinned at an intermediate dis-
tance away from the particle surface, i.e., R/xL = 0.2,
Fig. 9(b) shows that the magnitude of the scaling func-
tion K is in general larger than the one presented in
Fig. 9(a). This is particularly pronounced for large ξ−/R,
which corresponds to temperatures close to the critical
point. This demonstrates the strong influence of the
external pinning of the interface so that upon halving
the slit width effectively doubles the magnitude of the
force for temperatures close to the critical point, i.e., for
ξ−/R & 0.3.
The case of the narrow slit, R/xL = 0.5, is shown in
Fig. 9(c). Similar to the behavior of the free energy scal-
ing function discussed in the preceding subsection, strong
finite-size effects are expected. Indeed, for all tempera-
tures studied the scaling function K in Fig. 9(c) reaches
much larger values and can exhibit even a different func-
tional form as compared with the cases of the wider slits
shown in Figs. 9(a) and (b). For ξ−/R = 0.472 and
ξ−/R = 0.709, our results even suggest the emergence of
a non-monotonic behavior of the scaling function K of
the effective force.
For the examples shown in Fig. 9, breaking through
the interface only occurs for R/xL = 0.1. For the smaller
slit widths, even for large negative values of λ/ξ−, the
particle fails to penetrate the interfacial barrier, which is
likely to be due to the iterative numerical method and
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FIG. 9. Reduced scaling function K/|∆+,+| for the effective
force (Eqs. (17) and (18)) acting on the colloidal particle in
the z direction as a function of its vertical position λ/ξ− and
temperature ξ−/R. Within our numerical scheme the parti-
cle is moved from a position deep in the preferred α phase
(λ→ +∞) towards the interface located at the reference po-
sition z/ξ− = 0 for (a) a large slit width Lx = 22R, (b) an
intermediate slit width Lx = 12R, and (c) a small slit width
Lx = 6R. For all cases, the scaling function of the force is
positive, which implies that the particle is pushed back into
its preferred phase. The colloid breaks through the inter-
face only for R/xL = 0.1, as shown by the sharp drop in
K. For decreasing slit widths the magnitude of this effec-
tive force increases. Upon approaching Tc (i.e., ξ−/R & 0.47)
and for narrow slits the force scaling function can develop a
non-monotonic behavior.
the related issue of metastability.
The results presented so far correspond to the case
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FIG. 10. Semi-log plot showing the scaling function K/|∆+,+|
of the effective force acting on the colloid for the temperatures
ξ−/R = 0.353 (a) and ξ−/R = 0.141 (b) for three slit sizes
R/xL. For both temperatures, within the α phase and beyond
λ/ξ− & 5, the force between the colloid and the interface de-
cays exponentially, as illustrated by the dashed black line (see
Eq. (28)). This line is calculated exactly from the scaling func-
tion derived within the Derjaguin approximation for a flat,
rigid interface exhibiting Dirichlet boundary condition (see
main text). The asymptotic behavior (see Eq. (28), dashed
line) is independent of the pinning location xL/R and tem-
perature ξ−/R. The force resembles most closely the one for
a rigid wall in the case of the most narrow slit (R/xL = 0.5)
and close to Tc (ξ−/R = 0.353).
that the particle starts in the α phase and then is moved
into the β phase; we call this a ‘forward run’. In the
opposite case in which the particle starts in the β phase
and then is moved towards the α phase (called a ‘re-
verse run’), we have observed hysteresis in the effective
interaction potential and the force acting on the parti-
cle. Concerning the case in which the particle breaks
through the interface (R/xL = 0.1), at all temperatures
during reverse runs the particle becomes enveloped in
the α phase at precisely the same location λ/ξ− where
it breaks through the interface during the forward run.
However, during the reverse runs, we observe that the
interface is intermittently lagging behind and thus does
not recede smoothly as function of the particle position
when the particle is moved towards λ/ξ− → ∞. This
results in a small hysteresis of the scaling functions Θ
and K, in that both functions are notably noisier around
λ/ξ− ≈ 0.
The scaling function K looks similar for all tempera-
tures whilst the colloid is in the α phase, exhibiting an
exponential decay ∼ exp (−λ/ξ−) for λ→ +∞. In order
to elucidate the behavior of the force Fsing for λ/ξ− > 0,
we compare Fsing with the force F
cyl
(+,o) associated with
a cylindrical particle of radius R with a strong, symme-
try breaking boundary condition (+) opposite to a fixed,
rigid wall with Dirichlet boundary condition (o) at z = 0
(see Fig. 10). This wall mimics a constrained soft in-
terface which is stiff so that the order parameter van-
ishes at z = 0 for all x. Accordingly, the approaching
colloid perturbs the order parameter distribution near
z = 0 without being able to bend the interface. We
note, however, that for the constrained interface the or-
der parameter vanishes ∝ z for all spatial dimensions
whereas at a Dirichlet wall the order parameter van-
ishes ∝ z(β1−β)/ν , where β1 is a surface critical exponent
[43, 44] with β1 = 1 in MFT and β1 = 0.79 in (d = 3),
so that (β1 − β)/ν = 1 within MFT and 0.75 in d = 3.
Thus the equivalence between the constrained interface
and the Dirichlet wall holds best within MFT but dete-
riorates beyond MFT.
We calculate the corresponding force F cyl(+,o) (Eq. (A1))
in Appendix A. If Fsing (Eq. (16)) were approximated well
by F cyl(+,o), i.e., if K ' (λ/ξ−)−(d−1/2) ×Kcyl(+,o) (compare
Eqs. (17) and (A1)), this would illustrate that the ac-
tual soft interface exhibits a ‘stiffness’, which keeps the
interface horizontal and planar even in the event of a
colloid approaching it. In Appendix A we derive the
critical Casimir force for such a case within the Der-
jaguin approximation (DA) and compare it with full nu-
merical MFT data, which we have obtained for various
values of ξ−/R in order to test the range of validity of
the DA. We have found that for ξ−/R  1, the DA-
expression Kcyl,DA(+,o) given in Eq. (A5) provides indeed a
good approximation of the actual scaling function Kcyl(+,o).
Rewriting Eq. (A5) in terms of λ/ξ− and multiplying it
by (λ/ξ−)−(d−1/2) leads to the following prediction for
the asymptotic behavior of the scaling function for the
critical Casimir force of the soft interface onto the colloid:
K
(
λ
ξ−
→ +∞, ξ−
R
,
R
xL
)
= 4 (2pi)
1/2
e−λ/ξ− . (28)
In order to check this hypothesis concerning the behav-
ior of K(λ → +∞), in Fig. 10 we show the region
λ/ξ− > 0. In each sub-figure we compare two systems
having the same temperature ξ−/R (= 0.353 in Fig. 10(a)
and ξ−/R = 0.141 in Fig. 10(b)) but different values of
R/xL, i.e., different system and particle sizes. We see
that for all cases studied, the exponential decay predicted
16
by Eq. (28) is in good agreement with the asymptotic
behavior of the full numerical results for K in the limit
λ/ξ− → +∞. From this agreement we conclude that for
λ/ξ− & 5 the interface remains quasi-flat when the par-
ticle approaches it from large distances, resulting in an
effective repulsive force acting on the particle. Despite
the increase of K for T → Tc, the force acting on the
particle will vanish at Tc, as indicated by the prefactor
contained within the description of the force between the
cylinder and the interface (see Eqs. (17) and (18)).
In summary, we find that the critical fluctuations of
the order parameter give rise to an effective interaction
between the colloid and the interface, which in turn gen-
erates an effective force acting on the particle, such as to
keep the particle in its preferred α phase. This illustrates,
within MFT, that near criticality the universal effective
interaction between a colloidal particle and a responsive
interface exhibits a rich behavior, and that pinning effects
for the interface are important.
IV. CONCLUSIONS
We have investigated the universal properties of the
normal critical Casimir force acting on a cylindrical col-
loidal particle with radiusR located near the interface be-
tween two coexisting liquid phases of a binary liquid mix-
ture close to and below its critical consolute point, i.e.,
in the phase separated state (see Fig. 1). Using mean-
field theory (MFT) combined with a finite element tech-
nique, we have adiabatically moved the colloid through
the interface in order to determine numerically the or-
der parameter distribution in a system with a responsive
interface; specifically, the order parameter is the devi-
ation of the local concentration from its critical value.
Based on general finite size scaling theory, in Sec. IIB
we have decomposed the free energy of the system into
bulk, particle, interface, and interaction contributions,
each characterized by a universal scaling function. In
addition, via the stress tensor formalism we have cal-
culated the force acting on the colloid as it approaches
the interface. Viewing the position of the interface as a
local Dirichlet boundary condition we have, within the
Derjaguin approximation (DA) (see Fig. 10), calculated
analytically the regime where the force scaling function
agrees with that for a cylinder with symmetry breaking
surface fields opposite a spatially fixed planar wall with
Dirichlet boundary condition. We have studied a range of
temperatures near the critical point of the fluid at which
the interfacial region between the two fluids broadens
proportional to the bulk correlation length ξ− = ξ−0 |t|−ν
where t = (T − Tc)/Tc, ν is a bulk critical exponent and
ξ−0 a nonuniversal molecular length which is specific for
the fluid under consideration. In order to have a well
posed problem the interface has to be locally pinned at
the lateral edges of system. Consequently, we have inves-
tigated the corresponding finite-size effects for the order
parameter profile. In this context, our main findings are
as follows:
1. The scaling function P− of the order parameter pro-
files depends sensitively on temperature and system
size, i.e, on the distance xL between the pinning
site and the surface of the colloid, which is located
at the center of the system (see Figs. 3 and 4).
We find that for large system sizes xL ≈ 10R, at
temperatures far from the critical point the colloid
breaks through the interface. However, for small
system sizes (xL = 2R) the colloid rarely breaks
through the interface, but increases the interfacial
area instead of entering the other phase. Due to
our iterative numerical method, it is likely that
computational limitations, e.g., caused by the fi-
nite element grid and system size, in addition to
the close pinning of the interface, inhibit the ulti-
mate outcome that the colloid does break through
the interface.
2. From decomposing the free energy of the system as
stated above, we have calculated the scaling func-
tion Θ for the effective interaction potential be-
tween the colloid and the interface. We have com-
pared the full numerical data for Θ with an ap-
proximate analytical result Θ(0) which counts the
cost of free energy to stretch the interface due to
the deformation of the interface caused by the ap-
proach of the particle (see Figs. 5-8). We find
that for large system sizes and for temperatures far
from the critical point, this analytic approximation
agrees very well with the full numerical data for
Θ. For smaller system sizes, the difference between
the full numerical data and the analytic approxi-
mation increases for temperatures tending towards
Tc. This implies that the effective interaction po-
tential contains contributions due to the bending of
the interface.
3. We have studied the dependences on temperature
and system size of the effective force acting on the
colloidal particle as it approaches the interface out
of its preferred phase (see Fig. 9). This force pushes
the colloid away from the interface into the pre-
ferred phase. For decreasing slit widths, the repul-
sive force is stronger.
4. If the colloid is deep in its preferred phase, the scal-
ing function of the force decays exponentially as a
function of the distance of the colloid from the ref-
erence position of the interface. Within MFT this
decay is captured quantitatively upon replacing the
pliable interface by a rigid Dirichlet boundary con-
dition (see Fig. 10). This means that for the colloid
being far away from the interface, the interface re-
mains horizontally flat, despite its soft nature. In
this sense, the interface possesses internal rigidity,
which acts to keep the particle within its preferred
phase.
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5. Upon approaching Tc the interface between the
coexisting phases disappears so that the surface
tension vanishes proportional to (ξ−)
−(d−1) ∝
|t|(d−1)ν . Accordingly, in this limit also the effec-
tive interaction potential Ωi and the force Fsing act-
ing on the particle vanish. Within the numerically
accessible range of values for λ/ξ− and ξ−/R we
find that for λ and R fixed and increasing ξ− the
scaling function Θ
(
λ
ξ−
, ξ−R ,
R
xL
)
attains a nonzero,
finite value (see Fig. 5(b)). According to Eq. (13)
this implies Ω ∼ |t|(d−2)ν , i.e., ∼ |t|ν in d = 3.
Similarly, from Eqs. (17) and (18) and from the
behavior of the scaling function Θ one infers that
for t → 0 the effective force vanishes ∼ |t|(d−1)ν .
Whether this scaling behavior prevails in the true
asymptotic regime remains to be probed by future
investigations.
Hopkins et al. presented a related study in which they
used density functional theory (DFT) in order to inves-
tigate structural microscopic properties of a fluid em-
bedding a colloid near an interface [39]. This solvent is
modeled as a binary mixture of soft-core particles. DFT
renders number density profiles and corresponding grand
potential profiles, which in general are similar to those
found via our MFT, but on a microscopic level. This
holds in particular concerning the bulging of the inter-
face when the colloid is about to enter the disfavored
phase. The present study is focused and tailored on ana-
lyzing the universal scaling functions characterizing such
a system close to the critical point Tc, which is not cov-
ered in Ref. [39]. Also the study by Razavi et al. [38] is
related to the previous one. These authors analyze the
motion of colloids through an interface using molecular
dynamics (MD) simulations in order to investigate how
particles of distinct types (homogeneous ones or Janus
particles) adsorb at a fluid interface and finally break
through it. The advantage of MD simulations is that
they can keep track of all microscopic details and that
they capture all fluctuations of the solvent with a wave-
length smaller than the simulation box, including cap-
illary waves. The method is, however, computationally
restricted to particles of nanometer size. For a particle
which has a strong affinity to one of the two coexisting
liquid phases (as in our study) Ref. [38] confirms that far
from the critical point an effective force acts on the par-
ticle to contain it within its preferred phase. Concerning
our study, for experimentally relevant parameter values
ξ−/R = 0.1, L/R = 10, and R/xL = 0.1, the universal
contribution to the effective interaction potential for a
cylindrical particle of length L, with its center of mass
located at the reference interface position, is ca. 5kBT
above the free energy for a colloid located deep within its
preferred phase (see Eq. (13) and Fig. 6(a) for d = 3). We
conclude the critical force acting on the colloid acts as to
keep the particle within its preferred phase. The compar-
ison of the strength of the universal, effective interaction
potential Ωi with that due to non-universal background
forces, such as van der Waals forces, represents an inter-
esting topic for further investigations. Suitable refractive
index matching between the colloid and at least one fluid
phase, say α, can contribute to avoid that background
forces dominate the critical force.
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Appendix A: Cylinder opposite to a planar interface
In this appendix, we are concerned with the critical
Casimir force acting on a cylindrical particle of radius
R with a strong symmetry breaking boundary condition
(+) (corresponding to strong critical adsorption of the
α phase), which is located parallel to a planar and rigid
wall at a surface-to-surface distance λ. This wall is taken
to exhibit a Dirichlet boundary condition (denoted as (o)
for the associated so-called ordinary transition [43, 44]),
according to which the order parameter vanishes at all
temperatures [69].
A planar (o) surface is expected to mimic an infinitely
stiff, planar interface, i.e., the approaching colloid can-
not bend the (d−1)-dimensional manifold of zeros of the
order parameter but it can disturb the local order param-
eter distribution in the direction normal to the interface.
Since the order parameter profile of the free interface van-
ishes at z = 0 it is natural to mimic this, within MFT,
by imposing a Dirichlet boundary condition there.
(In the context of critical Casimir forces, actual Dirich-
let boundary conditions for fluids are realized for super-
fluid 4He films [8], by neutralizing the omnipresent and
symmetry breaking surface fields [17], or by endowing
a substrate with chemical stripes of alternating signs of
corresponding surface fields [16, 70].)
In line with Subsec. II B and Ref. [25], the critical
Casimir force Fcyl(+,o) acting on the colloid with (d − 2)-
dimensional axial extension L can be expressed in terms
of the universal scaling function Kcyl(+,o)
Fcyl(+,o)
L = F
cyl
(+,o)(λ,R, T ) = kBT
R1/2
λd−1/2
Kcyl(+,o)(y,∆)
(A1)
where y ≡ t(λ/(Rξξ−0 ))1/ν and ∆ ≡ λ/R are the corre-
sponding scaling variables, and the subscript (+, o) de-
notes the boundary conditions at the colloid surface and
at the planar wall.
[ The geometric prefactor in Eq. (A1) has been chosen
to be different from the one presented in Eq. (17) be-
cause F cyl(+,o) diverges for λ → 0, whereas the interaction
between a colloid and a soft interface pushes the inter-
face away from the colloid and therefore Fsing(λ → 0)
does not diverge.
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FIG. 11. Reduced scaling function Kcyl(+,o)(y =
t(λ/ξ+0 )
1/ν ,∆ = λ/R)/|∆(+,+)| for the critical Casimir force
[Eq. (A1)] acting on a cylinder with parallel alignment and of
radius R with (+) boundary condition at a surface-to-surface
distance λ from a planar surface with (o) boundary condi-
tion. Kcyl(+,o) is shown as obtained numerically within the full
numerical MFT and for various values of ∆. For ∆ → 0 the
scaling function approaches its corresponding limit described
by the DA [Eq. (A4)] shown as solid black line. For y  −1
the DA approaches its limiting behavior given in Eq. (A5),
which is shown as the dashed black line and is denoted as
‘asymp.’.
This means that it is not profitable to simply com-
pare K with Kcyl(+,o). However, here we are only inter-
ested in the comparison of K (Eq. (17)) with Kcyl(+,o)
(Eq. (A1)) in the limit λ  ξ, so that we compare
K = Fsing/
{
kBT R
1/2/ξ
d−1/2
−
}
with (λ/ξ−)−(d−1/2) ×
Kcyl(+,o) = F
cyl
(+,o)/
{
kBT R
1/2/ξ
d−1/2
−
}
. ]
In the following, we discuss the calculation of this crit-
ical Casimir force in terms of the DA, which requires
∆  1 and expresses the full critical Casimir force in
terms of the scaling function for the corresponding par-
allel plate geometry. Accordingly, we consider the critical
Casimir force f(+,o) per area which is acting on two par-
allel walls at a distance λ [54]:
f(+,o)(L, T ) = kBT
1
λd
k(+,o)(y), (A2)
where k(+,o) is the corresponding scaling function for a
slab which is known for the Ising bulk universality class
within MFT [54] and from Monte Carlo simulations [70–
72]. (Note that in terms of y, λ is measured in units of
ξ+0 , not ξ
−
0 .) At T = Tc, Eq. (A2) renders the universal
critical Casimir amplitude ∆(+,o) ≡ 12k(+,o)(0) [2, 3]. In
the present context, we are interested in the behavior of
the critical Casimir force in the two-phase region, i.e., for
y  −1. Within this limit, the MFT scaling function for
the parallel plate geometry is given by [54]
k(+,o)(y → −∞) ' 16y2 exp{−
√
|2y|}. (A3)
Within the DA, the critical Casimir force acting on the
cylindrical colloid is expressed in terms of the force for
the parallel plate geometry, so that for ∆ = λ/R → 0
[25]
Kcyl(+,o)(y,∆→ 0) =
√
2
∞∫
1
dα (α− 1)− 12α−d
× k(+,o)(yα1/ν). (A4)
Therefore upon approaching the bulk critical point y = 0,
one has limy→0 lim∆→0 K
cyl,DA
(+,o) (y,∆)
=
√
2pi[Γ(d − 12 )/Γ(d)]∆(+,o), so that within MFT
Kcyl,DA(+,o) (0, 0) = [5pi/(8
√
2)]∆(+,o) = 5pi/(32
√
2)|∆(+,+)|
(where ∆(+,o)/|∆(+,+)| = 1/4 [2, 3]).
For the ordered state y  −1, inserting Eq. (A3) into
Eq. (A4) yields within the DA the asymptotic form
lim
y→−∞ lim∆→0
Kcyl,DA(+,o) (y,∆) ' 16y2
√
pi
√
|2/y|
× exp{−
√
|2y|}. (A5)
In Fig. 11 we show the reduced scaling function
Kcyl(+,o)(y,∆)/|∆(+,+)| of the critical Casimir force acting
on a cylinder with the boundary condition (+) opposite
to a planar wall with the boundary condition (o), and lo-
cated at a surface-to-surface distance λ. We have deter-
mined the full scaling function Kcyl(+,o)(y,∆) numerically
within MFT, using the finite element method described
in the main text. We compare Kcyl(+,o)(y,∆ → 0) with
the DA [Eq. (A4)], using the analytically known scal-
ing function k(+,o)(y) for the film geometry [54]. As can
be inferred from Fig. 11, in the limit ∆ → 0 the scal-
ing function Kcyl(+,o)(y,∆) approaches the one obtained
within DA. The corresponding limit for y  −1 given in
Eq. (A5) within the DA is shown in Fig. 11 as the dashed
black line, which is in satisfactory agreement with the full
numerical data for y . −10.
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